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O. I. Mokhov
1 Introduction. Basic definitions
In the present work, the integrable bi-Hamiltonian hierarchies related to compatible nonlocal
Poisson brackets of hydrodynamic type are effectively constructed. For achieving this aim,
first of all, the problem on the canonical form of a special type for compatible nonlocal
Poisson brackets of hydrodynamic type is solved. The compatible pairs of nonlocal Poisson
brackets of hydrodynamic type have a more simple description in special coordinates in
which the metrics corresponding to these brackets are diagonal (see [1], [2]), but for an
effective construction of the hierarchies we need a different approach developed in this
paper. For compatible local Poisson brackets of hydrodynamic type (the Dubrovin–Novikov
brackets [3]), the corresponding integrable bi-Hamiltonian hierarchies were constructed by
the present author in the papers [4], [5], and for compatible nonlocal Mokhov–Ferapontov
brackets [6] generated by metrics of constant Riemannian curvature, the bi-Hamiltonian
hierarchies were constructed in [7].
1.1 Local Poisson brackets of hydrodynamic type
An arbitrary local homogeneous first-order Poisson bracket, that is, a Poisson bracket of the
form
{ui(x), uj(y)} = gij(u(x)) δx(x− y) + b
ij
k (u(x))u
k
x δ(x− y), (1.1)
where u1, ..., uN are local coordinates on a certain given smooth N -dimensional manifold
M , is called a local Poisson bracket of hydrodynamic type or Dubrovin–Novikov bracket [3].
Here ui(x), 1 ≤ i ≤ N, are functions (fields) of single independent variable x, the coefficients
gij(u) and bijk (u) of bracket (1.1) are smooth functions of local coordinates.
In other words, for arbitrary functionals I[u] and J [u] on the space of fields ui(x), 1 ≤
i ≤ N, a bracket of the form
{I, J} =
∫
δI
δui(x)
(
gij(u(x))
d
dx
+ bijk (u(x))u
k
x
)
δJ
δuj(x)
dx (1.2)
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is defined and it is required that this bracket is a Poisson bracket, that is, it is skew-
symmetric:
{I, J} = −{J, I}, (1.3)
and satisfies the Jacobi identity
{{I, J},K}+ {{J,K}, I}+ {{K, I}, J} = 0 (1.4)
for arbitrary functionals I[u], J [u], and K[u].
A local bracket (1.2) is called nondegenerate if det(gij(u)) 6≡ 0. For the general nonde-
generate brackets (1.2), Dubrovin and Novikov proved the following important theorem.
Theorem 1.1 (Dubrovin, Novikov [3]) If det(gij(u)) 6≡ 0, then bracket (1.2) is a Pois-
son bracket, that is, it is skew-symmetric and satisfies the Jacobi identity, if and only if
(1) gij(u) is an arbitrary flat pseudo-Riemannian contravariant metric (a metric of zero
Riemannian curvature),
(2) bijk (u) = −g
is(u)Γjsk(u), where Γ
j
sk(u) is the Riemannian connection generated by the
contravariant metric gij(u) (the Levi–Civita connection).
Consequently, for any local nondegenerate Poisson bracket of hydrodynamic type, there
always exist local coordinates v1, ..., vN (flat coordinates of the metric gij(u)) in which all
the coefficients of the bracket are constant:
g˜ij(v) = ηij = const, Γ˜ijk(v) = 0, b˜
ij
k (v) = 0,
that is, the bracket has the form
{I, J} =
∫
δI
δvi(x)
ηij
d
dx
δJ
δvj(x)
dx, (1.5)
where (ηij) is a nondegenerate symmetric constant matrix:
ηij = ηji, ηij = const, det (ηij) 6= 0.
The local Poisson brackets of hydrodynamic type (1.1) were introduced and studied by
Dubrovin and Novikov in [3]. In this paper, they proposed a general local Hamiltonian
approach (this approach corresponds to the local brackets of form (1.1)) to the so-called
homogeneous systems of hydrodynamic type, that is, to evolutionary quasilinear systems of
first-order partial differential equations
uit = V
i
j (u)u
j
x. (1.6)
This Hamiltonian approach was motivated by the study of the equations of Euler hy-
drodynamics and the Whitham averaging equations describing the evolution of slowly mod-
ulated multiphase solutions of partial differential equations (see [8]). In [9], [10] Tsarev
constructed the theory of integrating the class of diagonalizable Hamiltonian (and also
semi-Hamiltonian) homogeneous systems of hydrodynamic type.
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1.2 Nonlocal Poisson brackets of hydrodynamic type
Nonlocal Poisson brackets of hydrodynamic type (the Mokhov–Ferapontov brackets) were
introduced and studied in the work of the present author and Ferapontov [6] (see also
[11]–[13]). They have the following form:
{I, J} =
∫
δI
δui(x)
(
gij(u(x))
d
dx
+ bijk (u(x))u
k
x +Ku
i
x
(
d
dx
)
−1
ujx
)
δJ
δuj(x)
dx, (1.7)
where K is an arbitrary constant.
A bracket of form (1.7) is called nondegenerate if det(gij(u)) 6≡ 0.
Theorem 1.2 ([6]) If det(gij(u)) 6≡ 0, then bracket (1.7) is a Poisson bracket, that is, it
is skew-symmetric and satisfies the Jacobi identity, if and only if
(1) gij(u) is an arbitrary pseudo-Riemannian contravariant metric of constant Rieman-
nian curvature K,
(2) bijk (u) = −g
is(u)Γjsk(u), where Γ
j
sk(u) is the Riemannian connection generated by the
contravariant metric gij(u) (the Levi–Civita connection).
In [6] Ferapontov introduced and studied more general nonlocal Poisson brackets of
hydrodynamic type (the Ferapontov brackets), namely, the Poisson brackets of the form
{I, J} =
∫
δI
δui(x)
(
gij(u(x))
d
dx
+ bijk (u(x))u
k
x+
L∑
α=1
εα(w
α)ik(u(x))u
k
x
(
d
dx
)
−1
(wα)js(u(x))u
s
x
)
δJ
δuj(x)
dx, det(gij(u)) 6≡ 0. (1.8)
Theorem 1.3 ([11]) Bracket (1.8) is a Poisson bracket, that is, it is skew-symmetric and
satisfies the Jacobi identity, if and only if
(1) bijk (u) = −g
is(u)Γjsk(u), where Γ
j
sk(u) is the Riemannian connection generated by the
contravariant metric gij(u) (the Levi–Civita connection),
(2) the metric gij(u) and the set of the affinors (wα)ij(u) satisfies relations
gik(u)(w
α)kj (u) = gjk(u)(w
α)ki (u), α = 1, ..., L, (1.9)
∇k(w
α)ij(u) = ∇j(w
α)ik(u), α = 1, ..., L, (1.10)
R
ij
kl(u) =
L∑
α=1
εα
(
(wα)il(u)(w
α)jk(u)− (w
α)jl (u)(w
α)ik(u)
)
. (1.11)
In addition, the family of the affinors wα(u) is commutative: [wα, wβ ] = 0.
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Let us write out all the relations on the coefficients of the nonlocal Poisson bracket (1.8)
in a convenient form for further repeated use.
Lemma 1.1 Bracket (1.8) is a Poisson bracket if and only if its coefficients satisfy the
relations
gij = gji, (1.12)
∂gij
∂uk
= bijk + b
ji
k , (1.13)
gisbjks = g
jsbiks , (1.14)
gis(wα)js = g
js(wα)is, (1.15)
(wα)is(w
β)sj = (w
β)is(w
α)sj , (1.16)
gisgjr
∂(wα)kr
∂us
− gjrbiks (w
α)sr = g
jsgir
∂(wα)kr
∂us
− girbjks (w
α)sr, (1.17)
gis
(
∂bjkr
∂us
−
∂bjks
∂ur
)
+ biks b
sj
r − b
ij
s b
sk
r =
L∑
α=1
εαg
is
(
(wα)js(w
α)kr − (w
α)jr(w
α)ks
)
. (1.18)
1.3 Compatible Poisson brackets
In [14] Magri proposed a bi-Hamiltonian approach to the integration of nonlinear systems.
This approach demonstrated that integrability is closely related to the bi-Hamiltonian prop-
erty, that is, the property of a system to have two compatible Hamiltonian representations.
Definition 1.1 (Magri [14]) Two Poisson brackets { · , · }1 and { · , · }2 are called com-
patible if an arbitrary linear combination of these Poisson brackets
{ · , · } = λ1 { · , · }1 + λ2 { · , · }2, (1.19)
where λ1 and λ2 are arbitrary constants, is also a Poisson bracket. In this case, we shall
also say that the brackets { · , · }1 and { · , · }2 form a pencil of Poisson brackets.
As was shown by Magri in [14], compatible Poisson brackets generate integrable hierar-
chies of systems of differential equations. In particular, for a system, the bi-Hamiltonian
property generates recurrent relations for the conservation laws of this system.
Here the integrable hierarchies related to compatible nonlocal Poisson brackets of hy-
drodynamic type are constructed.
4
2 Pencil of nonlocal Poisson brackets
of hydrodynamic type
Let us describe all nonlocal Poisson brackets (1.8) compatible with the constant nondegen-
erate Poisson bracket of hydrodynamic type
{I, J}2 =
∫
δI
δui(x)
ηij
d
dx
δJ
δuj(x)
dx, (2.1)
where (ηij) is an arbitrary nondegenerate symmetric constant matrix: det(ηij) 6= 0, ηij =
ηji, ηij = const, that is, let us classify all the following pencils of nonlocal Poisson brackets:
{I, J}λ = {I, J}1 + λ{I, J}2, (2.2)
where {I, J}1 is a Poisson bracket of form (1.8).
Lemma 2.1 The Poisson brackets (2.1) and (1.8) are compatible if and only if the following
relations are satisfied:
ηisbjks = η
jsbiks , (2.3)
ηis(wα)js = η
js(wα)is, (2.4)
∂(wα)ij
∂uk
=
∂(wα)ik
∂uj
, (2.5)
∂bjkr
∂us
−
∂bjks
∂ur
=
L∑
α=1
εα
(
(wα)js(w
α)kr − (w
α)jr(w
α)ks
)
. (2.6)
It is important to note that the relation
ηjrbiks (w
α)sr = η
irbjks (w
α)sr, (2.7)
derived from (1.17) as one of the compatibility conditions for Poisson brackets (2.1) and
(1.8) follows from relations (2.3)–(2.5) for every Poisson bracket (1.8). Actually, from (2.4)
we get
ηjrbiks (w
α)sr = η
srbiks (w
α)jr, (2.8)
and from relation (2.3) we also have
ηsrbiks (w
α)jr = η
sibrks (w
α)jr. (2.9)
Consequently relation (2.7) is reduced to the relation
ηsibrks (w
α)jr = η
irbjks (w
α)sr, (2.10)
that is,
brks (w
α)jr = b
jk
r (w
α)rs. (2.11)
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Let us prove that relation (2.11) is satisfied for any Poisson bracket (1.8) for which relation
(2.5) is valid. In fact, in this case relation (1.17) for the Poisson bracket (1.8) takes the form
gjrbiks (w
α)sr = g
irbjks (w
α)sr. (2.12)
From relation (1.15) we get
gjrbiks (w
α)sr = g
srbiks (w
α)jr, (2.13)
and from relation (1.14) we have
gsrbiks (w
α)jr = g
sibrks (w
α)jr , (2.14)
that is, relation (2.12) is reduced to the relation
gsibrks (w
α)jr = g
irbjks (w
α)sr, (2.15)
which is equivalent to relation (2.11).
3 Canonical form of compatible pairs of brackets
Theorem 3.1 An arbitrary nonlocal Poisson bracket {I, J}1 of form (1.8) is compatible
with the constant Poisson bracket (2.1) if and only if it has the form
{I, J}1 =
∫
δI
δui(x)
([
ηis
∂F j
∂us
+ ηjs
∂F i
∂us
− ηisηjk
L∑
α=1
εα
∂ψα
∂us
∂ψα
∂uk
]
d
dx
+[
ηis
∂2F j
∂us∂uk
− ηisηjp
L∑
α=1
εα
∂2ψα
∂us∂uk
∂ψα
∂up
]
ukx +
ηipηjr
L∑
α=1
εα
∂2ψα
∂up∂uk
ukx
(
d
dx
)
−1
∂2ψα
∂ur∂us
usx
)
δJ
δuj(x)
dx, (3.1)
where F i(u), 1 ≤ i ≤ N, and ψα(u), 1 ≤ α ≤ L, are smooth functions defined in a certain
domain of local coordinates.
It follows immediately from relation (2.5) that there locally exist functions (ϕα)i(u),
1 ≤ i ≤ N, 1 ≤ α ≤ L, such that
(wα)ij =
∂(ϕα)i
∂uj
. (3.2)
Then relation (2.6) takes the form
∂bjkr
∂us
−
∂bjks
∂ur
=
L∑
α=1
εα
(
∂(ϕα)j
∂us
(∂ϕα)k
∂ur
−
∂(ϕα)j
∂ur
∂(ϕα)k
∂us
)
. (3.3)
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Let us introduce the function
A
ij
k (u) = b
ij
k (u)−
L∑
α=1
εα(ϕ
α)i
∂(ϕα)j
∂uk
. (3.4)
Then using (3.3) we get
∂A
ij
k
∂ul
=
∂b
ij
k
∂ul
−
L∑
α=1
εα
∂(ϕα)i
∂ul
∂(ϕα)j
∂uk
−
L∑
α=1
εα(ϕ
α)i
∂2(ϕα)j
∂uk∂ul
=
∂b
ij
l
∂uk
−
L∑
α=1
εα
∂(ϕα)i
∂uk
∂(ϕα)j
∂ul
−
L∑
α=1
εα(ϕ
α)i
∂2(ϕα)j
∂uk∂ul
=
∂A
ij
l
∂uk
. (3.5)
Consequently there exist functions P ij(u), 1 ≤ i, j ≤ N, such that
A
ij
k (u) =
∂P ij
∂uk
. (3.6)
Thus,
b
ij
k (u) =
∂P ij
∂uk
+
L∑
α=1
εα(ϕ
α)i
∂(ϕα)j
∂uk
. (3.7)
From relation (1.13) for the Poisson bracket {I, J}1 we get
∂gij
∂uk
= bijk + b
ji
k =
∂P ij
∂uk
+
∂P ji
∂uk
+
L∑
α=1
εα(ϕ
α)i
∂(ϕα)j
∂uk
+
L∑
α=1
εα(ϕ
α)j
∂(ϕα)i
∂uk
, (3.8)
that is, using (1.12) we have
gij = P ij + P ji +
L∑
α=1
εα(ϕ
α)i(ϕα)j + cij + cji, (3.9)
where (cij) is an arbitrary constant matrix, cij = const. Defining the function Rij(u) by the
formula
Rij = P ij + cij , (3.10)
we get the proof of the Liouville property for the Poisson bracket {I, J}1 in the considered
local coordinates:
gij = Rij +Rji +
L∑
α=1
εα(ϕ
α)i(ϕα)j , (3.11)
b
ij
k =
∂Rij
∂uk
+
L∑
α=1
εα(ϕ
α)i
∂(ϕα)j
∂uk
(3.12)
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(in the next section, see about the Liouville property more in detail).
It follows from relation (2.4) that
ηis
∂(ϕα)j
∂us
= ηjs
∂(ϕα)i
∂us
, (3.13)
that is,
∂
(
ηrj(ϕ
α)j
)
∂up
=
∂
(
ηpj(ϕ
α)j
)
∂ur
. (3.14)
Thus there exist functions ψα(u), 1 ≤ α ≤ L, such that
ηrs(ϕ
α)s =
∂ψα
∂ur
(3.15)
or
(ϕα)s = ηsr
∂ψα
∂ur
. (3.16)
It follows from relation (2.3) that
ηis
(
∂Rjk
∂us
+ ηjrηkp
L∑
α=1
εα
∂ψα
∂ur
∂2ψα
∂up∂us
)
= ηjs
(
∂Rik
∂us
+ ηirηkp
L∑
α=1
εα
∂ψα
∂ur
∂2ψα
∂up∂us
)
(3.17)
or
∂(ηljR
jk)
∂us
+ ηkp
L∑
α=1
εα
∂ψα
∂ul
∂2ψα
∂up∂us
=
∂(ηsjR
jk)
∂ul
+ ηkp
L∑
α=1
εα
∂ψα
∂us
∂2ψα
∂up∂ul
. (3.18)
Thus,
∂
(
ηljR
jk + ηkp
∑L
α=1 εα
∂ψα
∂ul
∂ψα
∂up
)
∂us
=
∂
(
ηsjR
jk + ηkp
∑L
α=1 εα
∂ψα
∂us
∂ψα
∂up
)
∂ul
. (3.19)
Consequently there exist functions F j(u) such that
ηljR
jk + ηkp
L∑
α=1
εα
∂ψα
∂ul
∂ψα
∂up
=
∂F k
∂ul
, (3.20)
that is, we get
Rij = ηis
∂F j
∂us
− ηisηjk
L∑
α=1
εα
∂ψα
∂us
∂ψα
∂uk
, (3.21)
gij = ηis
∂F j
∂us
+ ηjs
∂F i
∂us
− ηisηjk
L∑
α=1
εα
∂ψα
∂us
∂ψα
∂uk
, (3.22)
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b
ij
k = η
is ∂
2F j
∂us∂uk
− ηisηjp
L∑
α=1
εα
∂2ψα
∂us∂uk
∂ψα
∂up
. (3.23)
Here it is easy to check that for the Poisson bracket (3.1) all the relations of compatibility
(2.3)–(2.6) are satisfied.
4 Integrable equations for canonical
compatible pair of brackets
Theorem 4.1 Nonlocal bracket (3.1) is a Poisson bracket if and only if the following rela-
tions are satisfied:
∂2Q1
∂ui∂us
ηsp
∂2Q2
∂up∂uj
=
∂2Q2
∂ui∂us
ηsp
∂2Q1
∂up∂uj
, (4.1)
giscanη
jr ∂
2Q
∂ur∂us
= gjscanη
ir ∂
2Q
∂ur∂us
, (4.2)
where gijcan(u) is the metric of bracket (3.1):
gijcan(u) = η
is ∂F
j
∂us
+ ηjs
∂F i
∂us
− ηisηjk
L∑
α=1
εα
∂ψα
∂us
∂ψα
∂uk
, (4.3)
the functions Q(u), Q1(u), and Q2(u) are arbitrary from the functions F
i(u), 1 ≤ i ≤ N,
and ψα(u), 1 ≤ α ≤ L.
The nonlinear system (4.1), (4.2) is integrable by the method of inverse scattering prob-
lem. The procedure of the integration for the system (4.1), (4.2) will be published in our
next paper.
5 Liouville and special Liouville coordinates
Local coordinates u = (u1, ..., uN ) are called Liouville for an arbitrary Poisson bracket {I, J}
if the functions (the fields) ui(x) are densities of integrals in involution with respect to this
bracket, that is,
{U i, U j} = 0, 1 ≤ i, j ≤ N, (5.1)
where U i =
∫
ui(x)dx, 1 ≤ i ≤ N. In this case the Poisson bracket is also called Liouville
in these coordinates. Liouville coordinates naturally arise and play an essential role in the
Dubrovin–Novikov procedure of averaging of Hamiltonian equations [3]. Physical coordi-
nates derived by averaging of densities of participating in the Dubrovin–Novikov procedure
N involutive local integrals of an initial Hamiltonian system are always Liouville for corre-
sponding averaged bracket. This property was a motivation for the definition of Liouville
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coordinates for local Poisson brackets of hydrodynamic type in [3]. For general nonlocal
Poisson brackets of hydrodynamic type (1.8), Liouville coordinates were introduced in [15].
A nonlocal Poisson bracket of hydrodynamic type (1.8) is Liouville in the local coordi-
nates u = (u1, ..., uN) if and only if there exist functions (ϕα)i(u), 1 ≤ i ≤ L, and a matrix
function Φij(u) such that the bracket has the following form (see [15], where namely this
characteristic is taken for the definition of the Liouville property of bracket (1.8)):
{I, J}1 =
∫
δI
δui(x)
([
Φij(u) + Φji(u)−
L∑
α=1
εα(ϕ
α)i(ϕα)j
]
d
dx
+[
∂Φij
∂uk
−
L∑
α=1
εα
∂(ϕα)i
∂uk
ϕα)j
]
ukx +
L∑
α=1
εα
∂(ϕα)i
∂uk
ukx
(
d
dx
)
−1
∂(ϕα)j
∂us
usx
)
δJ
δuj(x)
dx. (5.2)
From theorem 3.1, it follows
Theorem 5.1 Flat coordinates of an arbitrary nondegenerate local Poisson bracket of hy-
drodynamic type {I, J}2 are always Liouville for any nonlocal Poisson bracket {I, J}1 (1.8)
compatible with {I, J}2. Moreover, in addition the corresponding Liouville function Φ
ij(u)
and the functions (ϕα)i(u) always have the special form
Φij(u) = ηis
∂F j
∂us
, (ϕα)i(u) = ηis
∂ψα
∂us
. (5.3)
Local coordinates u = (u1, ..., uN ) are called special Liouville coordinates [16], [17] for an
arbitrary Poisson bracket {I, J} if there exists a nonzero constant symmetric matrix (ηij)
such that the functions (the fields) ui(x), 1 ≤ i ≤ N, and ηiju
i(x)uj(x) are densities of
integrals in involution with respect to this bracket, that is,
{U i, U j} = 0, 1 ≤ i, j ≤ N + 1, (5.4)
where U i =
∫
ui(x)dx, 1 ≤ i ≤ N, UN+1 =
∫
ηiju
i(x)uj(x)dx. In this case the Poisson
bracket is also called special Liouville in these coordinates. The special Liouville coordinates
were introduced in [16], [17]. The most important case is the case of nondegenerate matrix
ηij .
Theorem 5.2 An arbitrary Poisson bracket of form (1.8) is special Liouville in local coor-
dinates u = (u1, ..., uN) if and only if it is Liouville with a special Liouville function Φij(u)
and functions (ϕα)i(u) of the special form such that
ηksΦ
sj(u) =
∂F j
∂uk
, ηks(ϕ
α)s(u) =
∂ψα
∂uk
. (5.5)
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In this case, for a nondegenerate matrix (ηij), we get exactly our bracket (3.1) from the
canonical compatible pair.
Thus our problem on compatible nonlocal Poisson brackets of hydrodynamic type is
equivalent to to the problem of classification of the special Liouville coordinates for nonlocal
Poisson brackets of hydrodynamic type.
Theorem 5.3 An arbitrary nonlocal Poisson bracket of hydrodynamic type of form (1.8)
is compatible with the constant Poisson bracket (2.1) if and only if the functions ui(x),
1 ≤ i ≤ N, and ηiju
i(x)uj(x), ηisηsj = δ
i
j , are densities of integrals in involution with
respect to the Poisson bracket (1.8).
Note that ui(x), 1 ≤ i ≤ N, are the densities of the annihilators of the bracket (2.1),
and 1
2
ηiju
i(x)uj(x) is the density of the momentum of bracket (2.1).
Theorem 5.4 An arbitrary nonlocal Poisson bracket of hydrodynamic type of form (1.8) is
compatible with an arbitrary nondegenerate local Poisson bracket of hydrodynamic type (1.2)
if and only if N annihilators and the momentum of bracket (1.2) are integrals in involution
with respect to the Poisson bracket (1.8).
6 Integrable bi-Hamiltonian hierarchies
Consider a pair of compatible Hamiltonian operators of hydrodynamic type P ij1 and P
ij
2 ,
one of which, let us assume P ij2 , is local, and another is an arbitrary nonlocal operator of
form (1.8). Apparently, one of the nonlocal Hamiltonian operators of hydrodynamic type
always can be reduced to the canonical constant form by series of reciprocal transformations
if it is nondegenerate (an analog of the classical Darboux theorem in symplectic geometry),
so that the considered case is, in fact, general. If the local Hamiltonian operator P ij
2
is
nondegenerate, then it follows from theorem 3.1 that, by local change of coordinates, the
pair of compatible Hamiltonian operators P ij1 and P
ij
2 can be reduced to the following
canonical form:
P
ij
2 [v(x)] = η
ij d
dx
, (6.1)
P
ij
1 =
(
ηis
∂F j
∂us
+ ηjs
∂F i
∂us
− ηisηjk
L∑
α=1
εα
∂ψα
∂us
∂ψα
∂uk
)
d
dx
+(
ηis
∂2F j
∂us∂uk
− ηisηjp
L∑
α=1
εα
∂2ψα
∂us∂uk
∂ψα
∂up
)
ukx +
ηipηjr
L∑
α=1
εα
∂2ψα
∂up∂uk
ukx
(
d
dx
)
−1
∂2ψα
∂ur∂us
usx, (6.2)
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where (ηij) is an arbitrary nondegenerate constant symmetric matrix: det(ηij) 6= 0, ηij =
const, ηij = ηji; F i(u), 1 ≤ i ≤ N, and ψα(u), 1 ≤ α ≤ L, are smooth functions defined
in a certain domain of local coordinates such that operator (6.2) is Hamiltonian, that is,
the functions F i(u) and ψα(u) satisfy the integrable equations (4.1), (4.2) (see theorem 4.1
above).
Remark 6.1 It is obvious that here we can always consider that ηij = εiδij , εi = 1 for i ≤ p,
εi = −1 for i > p, where p is the positive index of inertia of the metric, 0 ≤ p ≤ N , and,
in addition, it is necessary to classify the Hamiltonian operators (6.2) with respect to the
action of the group of motions for the corresponding N -dimensional pseudo-Euclidean space
RNp , but for our purposes it is sufficient (and more convenient) to use the indicated above
representation for canonical compatible pair (“conventionally canonical” representation).
Consider the recursion operator generated by the canonical compatible Hamiltonian
operators (6.1), (6.2):
Ril [v(x)] =
[
P1[v(x)] (P2[v(x)])
−1
]i
l
=
((
ηis
∂F j
∂us
+ ηjs
∂F i
∂us
−
ηisηjk
L∑
α=1
εα
∂ψα
∂us
∂ψα
∂uk
)
d
dx
+
(
ηis
∂2F j
∂us∂uk
− ηisηjp
L∑
α=1
εα
∂2ψα
∂us∂uk
∂ψα
∂up
)
ukx +
ηipηjr
L∑
α=1
εα
∂2ψα
∂up∂uk
ukx
(
d
dx
)
−1
∂2ψα
∂ur∂us
usx
)
ηjl
(
d
dx
)
−1
(6.3)
(what about recursion operators generated by pairs of compatible Hamiltonian operators,
see [18]–[23].
Let us apply the derived recursion operator (6.3) to the system of translations with
respect to x, that is, the system of hydrodynamic type
uit = u
i
x, (6.4)
which is, obviously, Hamiltonian with the Hamiltonian operator (6.1):
uit = u
i
x ≡ P
ij
2
δH
δuj(x)
, H =
1
2
∫
ηjlu
j(x)ul(x)dx. (6.5)
Any system from hierarchy
uitn = (R
n)
i
j u
j
x, n ∈ Z, (6.6)
is a multi-Hamiltonian integrable system.
In particular, any system of the form
uit1 = R
i
ju
j
x, (6.7)
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that is, the system of hydrodynamic type
uit1 =
((
ηis
∂F j
∂us
+ ηjs
∂F i
∂us
− ηisηjk
L∑
α=1
εα
∂ψα
∂us
∂ψα
∂uk
)
d
dx
+(
ηis
∂2F j
∂us∂uk
− ηisηjp
L∑
α=1
εα
∂2ψα
∂us∂uk
∂ψα
∂up
)
ukx +
ηipηjr
L∑
α=1
εα
∂2ψα
∂up∂uk
ukx
(
d
dx
)
−1
∂2ψα
∂ur∂us
usx
)
ηjlu
l ≡(
ηis
∂F j
∂us
ηjk +
∂F i
∂uk
+ ηis
∂2F j
∂us∂uk
ηjru
r − ηis
L∑
α=1
εα
∂ψα
∂us
∂ψα
∂uk
−
ηis
L∑
α=1
εα
∂2ψα
∂us∂uk
ψα
)
ukx ≡
(
F i(u) + ηisηjr
∂F j
∂us
ur − ηis
L∑
α=1
εα
∂ψα
∂us
ψα
)
x
, (6.8)
where F i(u), 1 ≤ i ≤ N, and ψα(u), 1 ≤ α ≤ L, is an arbitrary solution of the integrable
system (4.1), (4.2).
This system of hydrodynamic type is bi-Hamiltonian with the pair of canonical compat-
ible Hamiltonian operators (6.1), (6.2):
uit1 =
((
ηis
∂F j
∂us
+ ηjs
∂F i
∂us
− ηisηjk
L∑
α=1
εα
∂ψα
∂us
∂ψα
∂uk
)
d
dx
+(
ηis
∂2F j
∂us∂uk
− ηisηjp
L∑
α=1
εα
∂2ψα
∂us∂uk
∂ψα
∂up
)
ukx +
ηipηjr
L∑
α=1
εα
∂2ψα
∂up∂uk
ukx
(
d
dx
)
−1
∂2ψα
∂ur∂us
usx
)
δH1
δuj(x)
,
H1 =
1
2
∫
ηjlu
j(x)ul(x)dx, (6.9)
uit1 = η
ij d
dx
δH2
δuj(x)
, H2 =
∫ (
ηjkF
k(u(x))uj(x) −
1
2
L∑
α=1
εα(ψ
α(u))2
)
dx. (6.10)
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